The evolution of turbulent rectangular submerged free jets is described in the literature by the presence of two regions of flow: the potential core region (PCR) and the fully developed region (FDR). However, experiments carried out in the last decade showed that a third region of flow is present, the undisturbed region of flow (URF), so-called in the average visualization, or the negligible disturbances flow (NDF) plus the small disturbances flow (SDF), so-called in the instant visualization. The URF is located between the slot exit and the beginning of the PCR. The main characteristics of URF, and NDF, is that velocity and turbulence profiles remain almost equal to those measured on the slot exit, and the height of the jet remains equal to the slot one. In the SDF the jet height undergoes small variations, contractions or expansions, but without vortex. Up to now, no numerical evidence of the presence of URF has been given by the literature.
Introduction
The evolution of turbulent rectangular submerged free jets has been investigated largely in the last decades. Albertson et al. [1] measured the velocity of a jet flow, emerging from a rectangular slot, at several distances from the exit. The structure of the flow was characterized by two-zones: the first one, the closest to the slot exit, was called zone of flow establishment, or near-field region (NFR), and the second one zone of established flow, or fully developed region (FDR), or far-field region. In the NFR the jet mixes with the stagnant fluid at the boundary layer, the velocity on the centerline remains equal to the exit one, and the zone 3 converging duct [34] , meteorology and magneto-hydrodynamics [35] . Some two-dimensional Direct Numerical Simulations (DNS) [36] [37] and Large Eddy Simulations (LES) [38] [39] [40] [41] [42] [43] have been conducted to study the fluid dynamics of submerged jets, but in none of them the URF has been observed. The advantages of the two-dimensional simulation are the relative rapidity of solution, along with the ability to capture the natural evolution of the structures in the NFR of turbulent jets. Despite the 2D modeling precludes the vortex stretching mechanism, it makes the LES calculations affordable. In addition, the near-field transitional mixing in turbulent jets is dominated by two-dimensional, large-scale coherent structures [44] , which are captured in the simulations.
The aim of this paper is to perform a set of numerical simulations, at several Reynolds numbers, in order to establish whether the URF is present between the slot exit and the PCR, like in the experiment of Gori et al. [16] [17] [18] [19] [20] [21] [22] , or the PCR begins right downstream the slot exit, like in Albertson [1] .
Numerical Method

Governing Equations
The Large Eddy Simulation (LES) solves the large-scale turbulent structure at an affordable computational cost, in comparison with the Direct Numerical Simulation, DNS, and models small-scales by spatially filtering the Navier-Stokes equations. Let us define a generic field,   
where  is the domain dimension, g is a properly normalized spatial filter function, with a characteristic filter width  . The effect of the small-scales is embedded in the non-linear terms. For sake of generality the variable will be expressed in a non-dimensional form. The governing equations are:
Continuity equation 
the sub-grid viscosity, 
the filter width, with k  the box filter width in the k-th direction. The dynamic Smagorinsky model is employed in the present study, and its details are illustrated in [42] .
Computational approach
The simulations are carried out with the pisoFoam finite-volume solver, which solves the Navier-Stokes transient incompressible equations via the PISO algorithm, available in the open-source code OpenFOAM.
The two-dimensional grid is generated in blockMesh, the OpenFOAM utility for mesh generation. The geometry is made by a rectangular box, three diameters long in the vertical (y) direction and 6.5 diameters in 5 axial (x) direction. The uniform grid is made of 884 408  points with a stencil of 7.3 10 -3 hydraulic diameters in both directions.
The filter chosen for the LES is the "simple" one, which interpolates the field in a given point with its neighboring cells. The filter amplitude is proportional to the cubic root of the cell volume. A top-hat velocity profile is assumed at the slot exit, in analogy with [1] . The thickness of the shear layer influences the length of the initial region because the smaller it is the shorter is the initial region, as pointed out in [36] . Therefore, since the top-hat velocity profile has the smallest shear layer thickness possible, if the URF is observed in this case, it is surely observable with another inlet velocity profile as well.
Above and below the slot there is a wall, whose thickness is 0.176 hydraulic diameters, in analogy with the experimental conditions of [16] [17] [18] [19] [20] [21] [22] . Everywhere else, in the x and y directions, there is a free boundary.
At the outlet, the total pressure is specified, and the velocity boundary condition changes, depending on its 
Results and discussion
In order to visualize the jet, Figure 1 reports the instantaneous vorticity contours, which, in a twodimensional flow, is just a scalar. In order to better visualize the jet, only the absolute value of the variable is 
Undisturbed region flow (URF)
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In the URF the axial velocity changes slightly from the slot exit profile. Therefore, to establish whether an URF is present, in the two-dimensional jet, the axial velocity profile needs to be investigated. The evolution of the axial velocity profiles is studied by analyzing the "isotachs", which are curves with constant velocity in the x-y plan. This method is particularly useful to identify discontinuity in the flow field. Since in the NFR the average axial velocity profile is symmetric, it is sufficient to consider its evolution only in the upper part of the domain. Because of the top-hat velocity profile on the slot exit, and the no-slip boundary condition at the nozzle wall, all the isotachs are supposed to originate from the point (x 0 ,y 0 ) = (0,h), being h=0.25 the ratio between the half-length of the slot, H/2, and the hydraulic diameter, 2H. indicates that the fluid is subject to different mechanisms, upstream and downstream. The focus of this section of the paper is on the upstream region, between the slot exit and the point of change in slope. For the moment this region is called URF, in analogy to the experiments [16] [17] [18] [19] [20] [21] [22] , which identifies the first region of flow after the slot exit, and, then, it will be establish if this name is appropriate or not. The fact that the extension of this region is inversely proportional to the Reynolds number seems to give already some credits to the findings of [16] [17] [18] [19] [20] [21] [22] .
A regression analysis, conducted on the isotachs curves in the URF, allows to find a self-similar law for the URF, with the introduction of a self-similar variable,  , constant along the isotachs, of the following form:
The regression lines are reported in Figure 2 
The evolution of the axial velocity is dominated by viscous effects, then, the URF cannot be inside the PCR, which has been identified as the region of a jet flow where the fluid can be considered inviscid [1] .
Since the axial velocity is function of a self-similar variable,  , and the problem is two-dimensional, the flow can be represented by a stream-function,
where   f  is a function of the self-similar variable  , defined by Eq. (11).
The axial-velocity is then self-similar and can be represented by
while the vertical one is not self-similar
Equations (14) and (15) 
Equation (17) has been derived by Blasius [46] , in order to describe the evolution of the boundary layer in a flat-plate, and by Lessen [47] and Lock [48] to model the laminar free shear layer between two parallel 9 streams of fluid, with same [47] and different physical properties, [48] , but their self-similar variable did not contain the constant 0  .
In order to solve Eq. 17 three boundary conditions are necessary. The first two are:
In the parallel streams problem, Lessen [47] and Lock [48] imposed a null vertical velocity on the interface between the two streams. This choice cannot be assumed in the present case because the numerical simulations show that the maximum value of the vertical velocity is reached at the interface with the stagnant fluid. In the jet flow inside a stagnant fluid the vertical velocity is null on the centerline, but this condition is difficult to be applied because the similarity variable on the centerline,  , is function of the axial coordinate,
x, and, by the definition of Eq. (11),  is always largely negative on the centerline. Since the axial velocity profile in the near field region is almost flat, and the interest is to describe the boundary layer, the boundary condition is that the centerline corresponds to   . Therefore, the following condition is assumed
At this point, the problem is fully determined and the equations can be solved. The third order ordinary differential equation is split into two systems of three first order differential equations, the first one needs to be solved in the range, 
Potential Core Region (PCR)
The axial velocity profiles are also investigated in the potential core region, PCR, which follows the URF. Figure 5 shows the isotachs curves, obtained with the numerical simulations and already reported in Fig. 2 , but a larger span of the abscissa evidences better the two different slopes of each isotach. The region of interest now, PCR, is that with the higher slope.
In the PCR, turbulence is not negligible, therefore, the self-similar analysis must be applied to the mean variables. A suitable variable of self-similarity,
can represent the axial velocity profiles.
The regression lines, obtained from the present theory, are approximately straight lines with the constant a independent on the Reynolds number, in agreement with the definition of PCR, and they are reported in Figure 5 . It is possible to observe the reasonably good agreement between the constant slope of the regression line, and that of each isotach, in the first part of PCR. 
This result is in agreement with Tollmien [2] and Görtler [3] , while the vertical momentum is in agreement with the dimensional analysis of Townsend [49] and the experimental analysis of Miller and
Comings [50] .
In order to validate the present numerical results, they are compared with the theoretical ones of Tollmien [2] and Görtler [3] , by defining:
At this point the two theories are different, because in Tollmien [2]   (30) while in Görtler [3]   Equations (30) and (33) are solved by providing the boundary conditions imposed in [2] and [3] . The constants of the model are scaled in such a way that the variables ξ and  coincide.
The mean axial velocity profiles, obtained with the present numerical simulations, at different x distances, are compared with the Tollmien [2] and Görtler [3] results in Figure 6 , as function of   . The numerical results are reported at different axial coordinates, x, in order to show that the hypothesis of selfsimilarity is verified. Both the theories give comparable results at the interface, however, Figure 6 shows that Tollmien [2] results are in better agreement with the numerical data closer to the centerline, while the Görtler [3] ones are better in the outer region. The agreement between the numerical data and the two theories is quite good, even at high Reynolds numbers. 
Conclusions
The theoretical approach, employed in the present paper, shows that, in a rectangular submerged free jet, it is possible to identify two self-similar regions of flow. The first one is dominated by the viscous stresses and is identifiable with the undisturbed region of flow, URF, observed in the average flow in [16] [17] [18] [19] [20] [21] , also described, in the instant flow [22] , as negligible disturbances flow, NDF, plus small disturbances flow, SDF.
The second region is dominated by turbulence and is identifiable with the potential core region, PCR.
According to Albertson [1] , when a jet issues from a rectangular slot, a velocity discontinuity is present on the exit of the jet into the surrounding fluid, since its velocity profile may be assumed to be relatively tophat. The eddies generated in this region of high shear stress result immediately in a lateral mixing process, which progresses both inward and outward with the distance from the exit.
The numerical Large Eddy Simulations, performed in the present paper at four Reynolds numbers, from 5000 to 40,000, show that the eddies are generated only at a certain distance from the slot exit, subdividing The results obtained in the present paper confirm, numerically and theoretically, the experimental results discovered in [16] [17] [18] [19] [20] [21] [22] . The present two-dimensional approach, comparable to several numerical papers, which considers the near field of the jet flow as an essentially 2D region, is applicable since URF is not affected by turbulence. The solution in the initial, or near field region, is dependent on the top-hat velocity profile imposed on the exit, but, as shown in the literature, this type of velocity profile has a virtually zero shear layer thickness and produces the initial region with the shortest length possible. Therefore, numerical results obtained using a more realistic velocity profile should find an even longer URF.
In conclusion, the present numerical and theoretical results are reliable and confirm that an URF is present in a two-dimensional rectangular submerged jet, as shown experimentally in [16] [17] [18] [19] [20] [21] [22] . The results
shown suggest that the three-regions flow model for submerged jets, proposed in [16] [17] [18] [19] [20] [21] [22] 
